Abstract: Individual tree growth and yield models precisely describe tree growth irrespective of stand complexity and are capable of simulating various silvicultural alternatives in the stands with diverse structure, species composition, and management history. We developed both age dependent and age independent diameter increment models using long-term research sample plot data collected from both monospecific and mixed stands of European beech (Fagus sylvatica L.) in the Slovak Republic. We used diameter at breast height (DBH) as a main predictor and other characteristics describing site quality (site index), stand development stage (dominant height and stand age), stand density or competition (ratio of individual tree DBH to quadratic mean diameter), species mixture (basal area proportion of a species of interest), and dummy variable describing stand management regimes as covariate predictors to develop the models. We evaluated eight versatile growth functions in the first stage using DBH as a single predictor and selected the most suitable one, i.e., Chapman-Richards function for further analysis through the inclusion of covariate predictors. We introduced the random components describing sample plot-level random effects and stochastic variations on the diameter increment, into the models through the mixed-effects modelling. The autocorrelation caused by hierarchical data-structure, which is assumed to be partially reduced by mixed-effects modelling, was removed through the inclusion of the parameter accounting for the autoregressive error-structures. The models described about two-third parts of a total variation in the diameter increment without significant trends in the residuals. Compared to the age independent mixed-effects model (conditional coefficient of determination, R 2 c = 0.6566; root mean square error, RMSE = 0.1196), the age dependent model described a significantly larger proportion of the variations in diameter increment (R 2 c = 0.6796, RMSE = 0.1141). Diameter increment was significantly influenced differently by covariate predictors included into the models. Diameter increment decreased with the advancement of stand development stage (increased dominant height and stand age), increasing intraspecific competition (increased basal area proportion of European beech per sample plot), and diameter increment increased with increasing site quality (increased site index) and decreased competition (increased ratio of DBH to quadratic mean diameter). Our mixed-effects models, which can be easily localized with the random effects estimated from prior measurement of diameter increments of four randomly selected trees per sample plot, will provide high prediction accuracies. Our models may be used for simulating growth of European beech irrespective of its stand structural complexity, as these models have included various covariate variables describing both tree-and stand-level characteristics, thinning regimes, except the climate characteristics. Together with other forest models, our models will be used as inputs to the growth simulator to be developed in the future, which is important for decision-making in forestry.
Introduction
The effective management of a forest is possible when reliable information of the present and future forest condition, which can be derived from forest growth and yield models, is available to forest managers. Modelling forest growth and yield is intrinsic part of forestry research, as growth and yield models are useful for inventory updating, harvest scheduling, silvicultural treatments evaluation, and management planning in general [1, 2] . Growth models may be operational, either at the stand-level or tree-level based on the forest management objectives [3] . The stand-level growth can be modelled as a function of stand-level variables describing stand characteristics, such as site index, stand age, stand diameter (e.g., quadratic mean diameter), stand basal area, stand density index, and stem numbers per unit area. Stand growth models may not precisely describe growth dynamics of individual trees in the structurally complex stands, as tree sizes and intraspecific or interspecific competition largely varies in these stands [3, 4] . In this context, individual tree growth models are becoming increasingly popular, as they precisely describe tree growth dynamics irrespective of the stand complexities and are capable of simulating various silvicultural alternatives in the stands with diverse structure, species composition, and management history [5, 6] .
The individual tree-based growth models help explore the detailed management alternatives, as they are flexible in forecasting tree growth regardless of species, size, age, and site quality [4, [6] [7] [8] [9] [10] . The individual tree-based growth models, therefore, have been receiving the increased attention in recent years, since they are able to simulate various silvicultural alternatives and replace the traditional yield tables for more effective decision-making [10] [11] [12] [13] . These models usually consist of a set of core models with their response variables, such as diameter increment, height increment, mortality, and crown ratio [10] , and therefore are used as input models in the forest simulators-major decision-making tools in forestry [14, 15] .
The individual tree-based growth models are preferably developed using the permanent sample plot data, as stem analysis data is relatively costlier and does not include the historical information of stands. Given the hierarchical structure of these data, there can be high variabilities and randomness at different levels (e.g., measurements within a tree, trees within a sample plot, and plots within a stand). Thus, inclusion of the unstructured-random component describing such variabilities caused by various stochastic factors is necessary. The hierarchically-structured data are often attributed with dependency among the measurements, as observations from the same sampling unit are likely to be significantly correlated, and assumption of the independent errors is largely violated if the ordinary least square regression is used to estimate the models [16, 17] . This regression also produces the biased parameter estimates and variances, which would invalid the hypothesis tests [18, 19] . The best solution for developing growth models using hierarchically structured-data is the application of the mixed-effects modelling. This allows for the inclusion of all potential variabilities into the models and increases the prediction accuracy [16, [19] [20] [21] [22] [23] .
In recent years, there has been a focus of creating mixed forests by natural regeneration. In Europe, monospecific conifer stands are being transformed to the mixed broadleaved stands in which European beech (Fagus sylvatica L.) is one of them [24] [25] [26] . Beech forest has 10% share to a total forest in the Europe [27] and 33.6% share to a total forest in the Slovakia [28] . Beech is one of the promising perennial tree species, and able to regenerate naturally and grow in a wide range of environmental conditions [29, 30] . This species is more tolerant to air pollution and rising global temperature compared to Norway spruce (Picea abies (L.) Karst) [25, 31] . European beech also increases the ecological stability of the mixed forest where other less stable tree species (Picea, Pinus, Fraxinus, Alnus, etc.) are associated with beech [32] [33] [34] . Beech stands managed with appropriate thinning and other silvicultural tendings may produce high quality trees, i.e., trees with stem straightness and commercial quality [35, 36] . Thus, European beech contributes significantly to both ecological stability and production potentiality of forests.
Despite its higher economic and ecological benefits compared to other tree species, the individual tree-based growth model of European beech in the Slovak Republic is still lacking. This study aimed to develop distance independent individual tree diameter increment models using the predictor variables describing the effects of site quality, stand development stage, stand density and competition, species mixture, and thinning, and stochastic components describing the random variability of diameter increment within and across the sample plots. A hypothesis that, whether the models developed in this study would be able to show the effects of species mixture and stand management regimes (thinning types) on the diameter increment models. Data originating from long-term research sample plots covering all possible growth conditions and stand management regimes on beech stands of various parts of the Slovakia were used. The nonlinear mixed-effect modelling approach was applied to address the problems caused by hierarchical and autoregressive error-structures in the data. The presented models will be used as sub-models in the growth simulators to be developed in the future. Other potential implications and limitations of the presented models are briefly discussed in the article.
Materials and Methods

Data Materials
This study is based on the data originating from twelve thinning experiment sites (Figure 1) , also named as long-term research plots (four long-term research plots comprising 15 sub-plots in the mixed (spruce-fir-beech) stands and eight long-term research plots comprising 26 sub-plots in the monospecific beech stands). Hereafter, sub-plots are termed as sample plots. The area of a squared-shaped sample plot was 0.25 ha (50 × 50 m). Sample plots are located on the sub-mountain vegetation zones, with elevation ranging from 250 to 700 m in the monospecific stands and 690-970 m in the mixed stands. Sample plots were established during 1958-1984 (Table 1) . The studied forests, where sample plots were established, were chosen to meet these criteria, such as (i) they were originated from natural regeneration, (ii) no thinning was applied to the forests prior to the sample plot establishment, (iii) beech was as a dominating species in the stands (canopy cover ≥ 90%) and beech proportion by basal area ranged from 18% to 61% in the mixed stands, and (iv) stands were not older than 30-60 years in the monospecific stands, and 15-74 years in the mixed stands. The main objective of establishing sample plots was to study the effects of various thinning methods (Table 1) on wood production and timber quality of beech. At the time of sample plots establishment, stand age was 30-60 years in the monospecific stands, and 15-74 years in the mixed stands, but at present, stand age varies from 68 to 110 years (monospecific stands) and 65 to 127 years (mixed stands). The monospecific beech stands are mainly characterised by vegetation groups Fagetum pauper, Fagetum typicum, Fageto-abietinum and Querceto-Fagetum, and mixed beech stands by Fageto-Abietum, Fageto-Aceretum, and Abieto-Fagetum groups [37] .
Two types of thinning [36] : (1) "C"-heavy thinning from below (following the principles defined by German forest research institute released in 1902); (2) "H" or "H2"-free crown thinning (thinning from above) were applied in 5-and 10-year's interval, respectively, following the methods suggested by Štefančík [37] . At least one sample plot in each experimental site received no management intervention (control plot). The main principle of thinning lies in supporting the target trees (high quality trees) by removing their potential competitors. Detailed description of the stand treatments in our studied forests is available in Bosela et al. [24] and Štefančík et al. [36] . plots was to study the effects of various thinning methods (Table 1) on wood production and timber quality of beech. At the time of sample plots establishment, stand age was 30-60 years in the monospecific stands, and 15-74 years in the mixed stands, but at present, stand age varies from 68 to 110 years (monospecific stands) and 65 to 127 years (mixed stands). The monospecific beech stands are mainly characterised by vegetation groups Fagetum pauper, Fagetum typicum, Fageto-abietinum and Querceto-Fagetum, and mixed beech stands by Fageto-Abietum, Fageto-Aceretum, and Abieto-Fagetum groups [37] . All trees with diameter at breast height (DBH ≥ 2.0 cm) were measured on each sample plot. All trees were numbered and point of DBH measurement was marked to reduce the measurement errors. Trees reaching DBH measurement threshold during study period were included, numbered, marked, and measured. Two DBH measurements were made perpendicular to each other and their average value was used. A transect of 50 m length and 10 m width was established on each sample plot, and tree height, height to crown base, and crown width were measured for all trees lying within the transect in each inventory cycle. Measurements were carried out in every five years.
Data Analysis
Tree and Stand Variables
We evaluated various variables that describe the effects of site quality, stand development stage, stand density and competition on the variation of diameter increment. We selected only those predictor variables, which contributed mostly to the diameter increment models. Some of the important variables were not measured in the field, such as dominant tree height and site index. We derived this information from measured data and models. We identified dominant trees from height measurements of sample trees on each sample plot using the methods suggested by Sharma et al. [23, 38] . This method involves the ranking of height sample trees by height in the first stage and ranking by DBH in the second stage. In the third stage, mean rank is determined from both height and DBH ranks. The first few highest mean ranks are then used to identify the biggest trees (in terms of height and DBH). We chose the number of the biggest trees following the definition of dominant height (i.e., mean height of 250 largest trees per hectare, HDOM). Dominant diameter (mean DBH of dominant trees, DDOM) per sample plot was calculated. We also developed the dominant height-age model and estimated the site index, SI (HDOM at reference age of 100 years) using this model. Our intention of estimating SI was to use this as one of the covariate predictors in the diameter increment models. The HDOM-age model was developed using the generalized algebraic difference approach (GADA). The Hossfeld function [39] was used as a base function to develop GADA-based HDOM-age model [38, 40] . The GADA allows for more than one parameter of a base function to be site-specific, and therefore resulting HDOM-age model generates the polymorphic curves with multiple asymptotes [38, 40] . The GADA is also most suitable for modelling growth of tree-and stand-level attributes using short time-series data. Even if no common base age is available in the series, GADA allows for fitting HDOM-age series. This is the reason that GADA-based models are commonly known as base-age invariant models. However, fitting of HDOM-age of the short-time series is not possible with traditional approach (base-age specific approach) without interpolation or extrapolation of the height at base age. Presenting the derivation details of the GADA-based HDOM modelling here is out of the scope of this article. Readers may find them in the literature e.g., [38, 40] . Final form of the GADA-based model we used to fit data is given below:
where H 1 and H 0 are dominant heights at the breast height age T 1 and T 0 , respectively; ε is an error, and b 1 , b 2 , b 3 are parameters to be estimated. We calculated other stand-level variables and included into the models to describe the variations of diameter increment, such as stem number (N, ha −1 ), basal area (BA, m 2 ha −1 ), arithmetic mean DBH (AMD, cm) and quadratic mean diameter (QMD, cm) per sample plot. We also calculated two tree-centered competition measures, such as ratio of DBH to QMD (Dq) and basal area of the trees larger in diameters than a subject tree (BAL, m 2 ha −1 ). We calculated the relative spacing index
HDOM . This is assumed as the most effective density measures, as it includes both stand stocking and stand development stage through N and HDOM, respectively [41] [42] [43] . We also calculated basal area proportion of a species of interest (BAPRO) and evaluated its potential contributions to the variations of diameter increment. All the stand measures, except HDOM and DDOM, were calculated using measurements of all trees regardless of species. It was not possible to calculate the distance dependent competition measures due to lack of tree coordinates in our data. Data used in our modelling are shown in Figure 2 , and summary statistics including mean, minimum, maximum, and standard deviation of the important variables are given in Table 2 contributions to the variations of diameter increment. All the stand measures, except HDOM and DDOM, were calculated using measurements of all trees regardless of species. It was not possible to calculate the distance dependent competition measures due to lack of tree coordinates in our data. Data used in our modelling are shown in Figure 2 , and summary statistics including mean, minimum, maximum, and standard deviation of the important variables are given in Table 2 . There is a data gap between stand age of 25 and 35 years, as two thinning experiments (Stara Píla and Konus) established on very young stands were measured in 1961 and 1966, but not in 1971 and 1976. 
Tree Diameter Growth: A Theoretical Context and Modelling Approach
We developed both age independent and age dependent diameter increment models. The former model was developed with the expression of diameter increment as a function of DBH as a main predictor and other variables (Table 2) as covariate predictors, while the latter model includes stand age as an additional covariate predictor. Of all variables measured in the sample plots, diameter is probably the most harmonized one, available for the largest number of trees, available as repeated measurements on the same tree, and directly measured without further interpretation [44] . Tree diameters are commonly correlated with other tree-and stand-level variables that are relatively more difficult to measure, e.g., stem volume or tree biomass. Additionally, tree diameter can reflect the monetary worth of trees and competitive position of a tree within a stand [45] . Diameter growth rate of individual trees can be expressed as a diameter increment or basal area increment per year. The basal area increment models are often preferred over the diameter increment models, but Vanclay [3] and Schelhaas et al. [44] argue that both model types are essentially the same, since one can be derived from the other.
Tree growth is intrinsically exponential process in early age, but this, in the latter age, is constrained by action of two opposing forces: external environmental resistance and internal self-regulatory mechanism [46, 47] . To describe the growth processes properly, two terms representing growth expansion and growth reduction need to be included into the growth models. The growth model possessing these two properties can be derived from the integral form of any mathematical functions by applying the derivative rules [46] [47] [48] . Generally, diameter of a tree develops according to asymmetric sigmoidal function through time, with relatively slow in the early age, but rapidly increasing growth at establishment, almost constant growth during the matured-phase followed by a slow decline of the growth during the senescence [44, 49] . Since creating new tree rings is essential for water transport, and diameter increment will theoretically never reach zero, even though rings can be very small at old age [44] . We considered eight nonlinear integral functions (Table 3) to derive their incremental (differential) forms. These functions are commonly used to model the growth of tree-and stand-level attributes. Modelling of sigmoidal relationships is usually achieved with so-called theoretical growth curves, such as various exponential functions including Chapman-Richards functions [50] [51] [52] [53] [54] [55] . In addition to these, we also evaluated three fractional forms of the functions: Näslund function [56] , Levakovic function [57] , and Hossfeld function [39] . With application of the derivative rules (i.e., change of a response variable with respect to size of a main predictor variable, DBH), we obtained the differential forms of all eight functions (see example, below in Equations (2)- (4)) and evaluated their fitting ability to our data.
Here, we prefer presenting both the differential and integral forms of the Chapman-Richards function as an example, which showed the best fitting performance to our data.
Equation (2) is an integral form, if this function is differentiated with respect to x, following equation is evolved:
In Equations (2) and (3), y = accumulative diameter growth (yield), x = DBH, y = diameter growth rate (increment per year), b 1 , b 2 , b 3 are parameters to be estimated. Since Equation (3) does not describe the total variations of diameter increment, an error term, is necessary to represent the unexplained variation (Equation (4)). For simplicity, we applied φ = b 1 b 2 b 3 to Equation (4) and other functions in Table 3 in the same way or differently.
Using DBH as a single predictor (x = DBH) and the dummy variable (SMR), which was included with φ expressed as a function of SMR, we fitted all the eight derivative forms of the functions (Table 3 ). There were many types of thinning applied to the stands (Table 1) , however, the effect of each type could not be included through dummy variable modelling, as this increased the complexity and hindered the model convergence. Also, developing separate diameter increment model for each thinning type was not possible due to the limited observations. Thus, it was necessary to reduce the number of thinning types into two (control and thinning) in order to include them into the models using a dummy variable, SMR (SMR = 1 for thinned sample plots; otherwise 0). The Chapman-Richards function resulted in the least residual variations (i.e., smallest sum of squared errors), and therefore we selected this for further extension, aiming to increase the prediction accuracy of the diameter increment models. Table 3 . The integral forms of the functions used to derive differential forms that were fitted to data; φ, b 1 , b 2 . b 3 are parameters to be estimated, y = integral form of a response variable; y' = differential form of a response variable (per year diameter increment, ∆DBH ij ); x = main predictor variable (diameter at breast height, DBH ij ); index i stands for i th sample plot, and j stands for j th tree; F1, F2, . . . ,F8 are symbols of the functions used.
Designation Integral Form Differential Form Reference
F1 y = b 1 1 − exp(−b 2 x) b 3 y = φ 1 − exp(−b 2 x) b 3 −1 exp(−b 2 x), φ = b 1 b 2 b 3 Richards [50], Chapman [51] F2 y = b 1 1 − exp(−b 2 x) 3 y = φ 1 − exp(−b 2 x) 2 exp(−b 2 x), φ = 3b 1 b 2 Bertanlaffy [52] F3 y = b 1 exp −b 2 x b 3 y = φx b 3 −1 exp −b 2 x b 3 , φ = −b 1 b 2 b 3 Korf [55] F4 y = b 1 1 − exp −b 2 x b 3 y = φx b 3 −1 exp −b 2 x b 3 , φ = b 1 b 2 b 3 Weibull [53] F5 y = b 1 exp −b 2 exp(−b 3 x) y = φexp(−b 2 exp(−b 3 x) − b 3 x), φ = b 1 b 2 b 3 Gompertz [54] F6 y = x (b 1 +b 2 x) b 3 y = φ x (b 1 +b 2 x) b 3 /x(b 2 x + b 1 ), φ = b 1 b 3 Näslund [56] F7 y = b 1 / 1 + b 2 x b 3 y = b 1 b 2 x 2 + 1 −(b 3 +1) /x 3 Levakovic [57] F8 y = b 1 / 1 + b 2 x 2 y = b 1 x b 3 −1 / x b 3 + b 2 2 Hossfeld II [39]
Extension of Chapman-Richards Function
We investigated the potential contributions of various tree-and stand-level variables on the variations of diameter increment through their inclusion into the basic diameter increment models (Equation (4)). Our evaluation was based on whether the variables were suited to the model fitting procedure, which begins from the analysis of graphs and correlation statistics [21, 58] . Among many potential covariate predictors (Table 2 ) evaluated, we found HDOM, BAPRO, stand age (A), SI, and Dq as the most significantly contributing ones based on the Akaike information criterion (AIC) and likelihood ratio test (LRT) [16, [18] [19] [20] . The selected variables resulted in the smallest AIC, the largest log-likelihood and LRT in the model fitting. The problem of over-fitting (over-parameterization) was controlled by LRT and between-variable dependency was checked with correlation statistics. The expanded models provided the greatest fitting improvement when φ of a basic function (Equation (4)) was expressed as below (Equation (5)
where HDOM = dominant height (m); BAPRO = basal area proportion of a species of interest (m 2 ha −1 ); A = stand age (year); SI = site index defined by HDOM at the reference age of 100 years (m); Dq = ratio of DBH to quadratic mean diameter; SMR = stand management regime. Our database contained the multiple sampling units (repeated measurements on the same tree, multiple trees in the same plot, and multiple plots in the same experiment), which would result in significant dependency among the observations of the same subject. We, therefore, formulated the mixed-effects models through the inclusion of random components that could account for variability and dependency among the observations within and across the sampling units. The main objective of inclusion of the random components into the models is to secure the higher prediction accuracy [16, 59] . We formulated various mixed-effects model alternatives with all possible combination of the random effects and three fixed parameters in Equation (4) and fitted to data. The convergence with the smallest Akaike information criterion (AIC) and largest LRT was only possible when random effect parameters were added to φ and b3 of this equation. The procedure of formulating mixed-effects model is available in the standard textbooks [16, 60] . We, therefore, present only the final forms of our mixed-effects models (Equations (6) and (7)) that described the largest variations of diameter increment in our data. The age independent and age dependent mixed-effects models are expressed by Equations (6) and (7), respectively.
where y ij is a response variable (diameter increment, cm year −1 ); x ij is a main predictor variable (DBH ij , cm); φ, b k (k = 2,3) and α k (k = 1,2,3,4) are parameters to be estimated; SMR is a dummy variable that accounts for the effect of the specific stand management regime (SMR = 1 for thinned sample plot; otherwise 0); ε ij is an error term; index i stands for i th sample plot; and j stands for j th tree; s stands for European beech, and all other abbreviations are the same as in Equation (5). The vectors of errors (ε ij ) and random effects (u i1 , u i2 ) are defined by ε i ∼ N(0, R i ) and u i ∼ N(0, D i ), respectively. The vector ε i is assumed to have normal distribution with zero mean and within-plot variance-covariance matrix R i and it is given by
where σ 2 is a scaling factor of error dispersion and equivalent to the residual variance of the estimated fixed-effect model and common to all sample plots [16, 18] . A matrix Г i accounts for autoregressive error structure, which, in our case, was described by the first-order autoregressive error-structures, (AR(1)) defined by
where ρ is the autoregressive parameter and σ 2 is the same as defined in Equation (8) .
A matrix G i in Equation (8) accounts for heteroscedasticity; however, we did not observe the significant heteroscedasticity in our data when mixed-effects modelling was applied to estimate the parameters. The vector u i was assumed to have a multivariate normal distribution with zero mean and sample plot variance-covariance matrix D i and it is given by
Model Estimation and Evaluation
The base functions (Table 3) and dominant height-age model (Equation (1)) were estimated using the least square nonlinear regression in PROC NLIN of the SAS [61] . The mixed-effects model variants (Equations (6) and (7)) were estimated using the SAS macro NLINMIX [61] with expansion-around-zero method [62] . The restricted maximum likelihood was used, which is based on the linearization method through expanding the likelihood function of the nonlinear mixed-effects model with the first-order Taylor series approximation. We evaluated the fitting performance of the models using the root mean square error (RMSE), coefficient of determination (R 2 ), and Akaike information criterion (AIC), which are common statistical measures for evaluating goodness-of-fit statistics. The RMSE analyzes the precision of estimation whereas R 2 reflects the total variability described by model. Following the suggestion of Nakagawa and Schielzeth [63] , we computed two types of coefficient of determinations: marginal coefficient of determination (R 2 m ) and conditional coefficient of determination (R 2 c ). The former describes the fixed-effects variance and later provides the variance described by both fixed-and random-effects in the mixed-effects models. The AIC is based on minimizing the Kullback-Lieber distance that imposes the penalty for a number of parameters included into the model [64] . We also analysed the residual graphs and simulated curves showing the effects of covariate predictors on the variations of diameter increment. Unless otherwise stated, we used 5% level of significance in our analyses. We also examined the calibrated (localized) diameter increment curves overlaid on the measured data for each sample plot.
Calibrated Response or Localized Diameter Increment Prediction
Predicting diameter increment with the random effects estimated from a prior measurement of a response variable (y in Equations (6) and (7)) is known as calibration of the mixed-effects model [16, 19] . The information of diameter growth per year from any number of beech trees per sample plot may be used for calibrating mixed-effects model. Although the higher the number of trees implies higher prediction accuracy, using a high number of sample trees in the calibration leads to higher inventory cost with a little improvement of predictive accuracy. Many studies of the mixed-effects modelling in forestry [18, [20] [21] [22] [23] 38, 42, 59] have shown that prior measurements of four or five trees per sample plot would compromise between sampling cost and prediction accuracy. We also calibrated our mixed-effects diameter increment models using four randomly selected trees per sample plot. The empirical best linear unbiased prediction (EBLUP) Equation (Equation (11)) was used to estimate the random effects in the model fitting data using the PROC IML in SAS [61] . where u i is a vector of the random effects, Equations (8) and (10) provide the elements of matrices R i and D, respectively. A vector ε i was obtained from fixed parts of the mixed-effects models (Equations (6) and (7)). A designed matrix, Z i is defined by
where b is a vector of the fixed parameters of equations (Equations (6) and (7)), u j is a vector of the random effects (u i1 , u i2 ), and x i is a vector of the predictors for i th sample plot. The elements (z ij ) of this matrix for sample trees were determined from the partial derivatives of the nonlinear models (Equations (6) and (7)) with respect to the fixed parameters associated with the random effects [16, [65] [66] [67] . Following equations were obtained from the partial derivative solution.
All abbreviations and symbols are the same as in the previous equations.
Results
We estimated SI for each sample plot using the GADA-based HDOM-age model (Equation (1)). The parameterized HDOM-age model also known as SI model for European beech in the Slovakia would be
where H 0 at the age T 0 would be the SI for a sample plot with the measured H 1 . The SI curves and HDOM increment curves generated with Equation (14) are presented in Figure 3 . This model described most parts of the variations in the HDOM-age relationships (R 2 adj = 0.9403; RMSE = 1.4513) without significant residual trends, and all parameter estimates were significant (p < 0.0001). The parameter accounting for the first-order autoregressive error-structure in the HDOM-age data was also significant (p < 0.0001). 
where b is a vector of the fixed parameters of equations (Equations 6,7), uj is a vector of the random effects (ui1, ui2), and xi is a vector of the predictors for i th sample plot. The elements (zij) of this matrix for sample trees were determined from the partial derivatives of the nonlinear models (Equations 6, 7) with respect to the fixed parameters associated with the random effects [16, [65] [66] [67] . Following equations were obtained from the partial derivative solution. 
We estimated SI for each sample plot using the GADA-based HDOM-age model (Equation 1 (14) where H0 at the age T0 would be the SI for a sample plot with the measured H1. The SI curves and HDOM increment curves generated with Equation 14 are presented in Figure 3 . This model described most parts of the variations in the HDOM-age relationships (R 2 adj = 0.9403; RMSE = 1.4513) without significant residual trends, and all parameter estimates were significant (p < 0.0001). The parameter accounting for the first-order autoregressive error-structure in the HDOM-age data was also significant (p < 0.0001). In the first stage of modelling diameter increment, eight functions (Table 3) were considered as base functions and fitted to data using DBH as a main predictor and one dummy variable that accounts for the effect of the specific stand management regime as a covariate predictor. The In the first stage of modelling diameter increment, eight functions (Table 3) were considered as base functions and fitted to data using DBH as a main predictor and one dummy variable that accounts for the effect of the specific stand management regime as a covariate predictor. The Chapman-Richards function described the largest part of the variations of diameter increment with the smallest residual variation followed by Gompertz function (Table 4 ). However, difference in the fitting performance of other functions relative to the best was very small. The best fitted function, which was extended through introduction of the selected additional variables substantially increased the fitting improvement of the model. The fitting improvement of the extended Chapman-Richard model relative to its basic form increased by 59%, indicating that covariate predictors had the major contribution to the variations of diameter increment. Furthermore, when sample plot-level variations and randomness in the data were included into the extended models (Equations (6) and (7)) through application of the mixed-effects modelling, the fitting improvement in terms of the explained variance relative to that of the ordinary least square regression models increased by 16%. This indicated that sample plot-level variations and other stochastic factors had significant effects on the variations of diameter increment. The parameter estimates and fit statistics of the age independent and age dependent mixed-effects diameter increment models (Equations (6) and (7)) are presented in Table 5 . The parameter estimates of all predictors are significantly different from zero (p < 0.05). The estimated value and sign of each parameter of both types of the models are biologically plausible and interpretable. The age dependent model described a slightly larger part of the variations of diameter increment than age independent model. Table 5 . Parameter estimates, variance components, and fit statistics of the mixed-effects diameter increment models; R 2 m : marginal coefficient of determination; R 2 c : conditional coefficient of determination; RMSE: root mean square errors; AIC: Akaike's information criterion; α 1 ,..,α 7 ,b 2 ,b 3 : fixed parameters; u i1 , u i2 : random effect parameters; σ 2 ui1 : variance of u i1 ; σ 2 ui2 : variance of u i2 ; σ 2 : residual variance; ρ: autoregressive error-structure parameter.
Components
Age Independent Model (Equation (6)) Age Dependent Model (Equation (7) Box plots of the residuals plotted against each of the potential predictor variables (Table 2) were examined, however, for the brevity of space; only residuals plotted against the most contributing variables (DBH, HDOM, Age, BPRO, SI, and Dq) are presented here (Figure 4) . Except for few cases (e.g., HDOM smaller than 10 m on the thinned sample plots and Dq larger than 0.15 on the control sample plots), no significant trend was observed in the residuals across the observed range of the predictor variables. None of the heteroscedasticity problems was observed either. The histograms of the residuals also showed the Gaussian distribution patterns (bell-shaped patterns), indicating that significant skewness was absent in the residuals.
Each covariate predictor significantly contributed to the variations of diameter increment ( Figure 5 ). The maximum increment might occur at some point between DBH of 30 cm and 60 cm. Diameter increment significantly decreased with the advancement of the stand development stage (increased HDOM and stand age, AGE), decreasing species proportion of a species of interest (increased BAPRO). However, diameter increment increased with increasing site quality (increased SI) and decreasing competition and stand density (increased Dq). The magnitude of spacing between the consecutive increment curves on each panel of this figure suggests that there would be different influences of the covariate predictors (HDOM, A, BAPRO, SI, Dq) on the variations of diameter increment. The HDOM and AGE had the largest contributions, and BAPRO and SI had the smallest contributions to the diameter increment models.
We examined the sample plot-specific diameter increment curves produced with the calibrated mixed-effects model (localized age independent model) that were overlaid on the measured data ( Figure 6 ). The increment curves would pass through the clouds of measured data, indicating that the calibrated model would be precise for the prediction of the diameter increment using the random effects estimated from prior measurements of four randomly selected trees per sample plot. However, this figure also shows that diameter increments for few very smaller trees having the fastest growth rate compared to others in the same sample plot are not properly described by model.
We also examined the prediction errors of the calibrated mixed-effects model for each stand management regime (Figure 7 ). This figure shows the absence of systematic bias for any individual regime, indicating that our mixed-effects models would be precise for each thinning type (Table 1) . . Effects of dominant height (HDOM), stand age (AGE), basal area proportion of a species of interest (BAPRO), site index (SI), ratio of DBH to quadratic mean diameter (Dq) on the diameter increment, DBH: diameter at breast height. Curves were produced using the parameter estimates in Table 5 (only fixed parts of the mixed-effects model). Mean values of the data were used for predictors except variable of interest in the figure, which was allowed varying from approximately minimum to maximum in the measured data. Figure 5 . Effects of dominant height (HDOM), stand age (AGE), basal area proportion of a species of interest (BAPRO), site index (SI), ratio of DBH to quadratic mean diameter (Dq) on the diameter increment, DBH: diameter at breast height. Curves were produced using the parameter estimates in Table 5 (only fixed parts of the mixed-effects model). Mean values of the data were used for predictors except variable of interest in the figure, which was allowed varying from approximately minimum to maximum in the measured data.
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We also examined the prediction errors of the calibrated mixed-effects model for each stand management regime (Figure 7 ). This figure shows the absence of systematic bias for any individual regime, indicating that our mixed-effects models would be precise for each thinning type (Table 1 ). Figure 7 . Mean prediction errors of the calibrated mixed-effects diameter increment model (age independent) applied to the individual management regimes. Model was calibrated with the random effects estimated using the measured diameter increment of four randomly selected trees per sample plot; DBH: diameter at breast height; TT = thinning type. Definition of each thinning type is given in Table 1 . Figure 6 . Sample plot-specific diameter increment curves overlaid on the measured diameter increment data. Sample plot mean of the covariate predictors, except the dominant height (HDOM), which was allowed varying from approximately minimum to maximum by 2 m in the measured data, were used to produce the curves. Model was calibrated with the random effects estimated using the measured diameter increment of four randomly selected trees per sample plot; DBH: diameter at breast height. Figure 6 . Sample plot-specific diameter increment curves overlaid on the measured diameter increment data. Sample plot mean of the covariate predictors, except the dominant height (HDOM), which was allowed varying from approximately minimum to maximum by 2 m in the measured data, were used to produce the curves. Model was calibrated with the random effects estimated using the measured diameter increment of four randomly selected trees per sample plot; DBH: diameter at breast height.
We also examined the prediction errors of the calibrated mixed-effects model for each stand management regime (Figure 7 ). This figure shows the absence of systematic bias for any individual regime, indicating that our mixed-effects models would be precise for each thinning type (Table 1 ). Figure 7 . Mean prediction errors of the calibrated mixed-effects diameter increment model (age independent) applied to the individual management regimes. Model was calibrated with the random effects estimated using the measured diameter increment of four randomly selected trees per sample plot; DBH: diameter at breast height; TT = thinning type. Definition of each thinning type is given in Table 1 . Figure 7 . Mean prediction errors of the calibrated mixed-effects diameter increment model (age independent) applied to the individual management regimes. Model was calibrated with the random effects estimated using the measured diameter increment of four randomly selected trees per sample plot; DBH: diameter at breast height; TT = thinning type. Definition of each thinning type is given in Table 1 .
Discussion
Tree growth is significantly influenced by various factors, such as physical, physiological and ecological factors [44] . We developed the mixed-effects nonlinear models describing diameter increment as a function of various variables describing individual tree-and stand-level characteristics and sample plot-level random effects. Based on the evaluation of the eight versatile growth functions (Table 3) , which we considered as base functions based on the principles of their logical behavior and suitability in the practical application. The Chapman-Richards function, which shows the best fitting performance to our data (Table 4) , has enough flexibility for modelling different tree attributes, such as growth of diameter and height [68] [69] [70] [71] and height-diameter relationship [67, 72, 73] .
A main predictor variable (DBH) describing more than one-third of the total variations of diameter increment (Table 4) indicates that DBH is tightly linked to the diameter increment. Other studies also find similar results when DBH was considered as a main predictor in the radial growth models developed for beech [44, 74, 75] . However, all these studies are based on the traditional (ordinary least square) regression fitting method, which is not appropriate for the hierarchically-structured data, as such fitting produces a significantly biased model [16] . The novelty of our models, therefore, lies beyond the traditional growth models of European beech [44, 74] , as our models are based on the mixed-effect modelling, which is the most appropriate for the hierarchically-structured data. The large values of the estimated variance and covariance components (Table 5) suggest that the mixed-effects modelling through the inclusion of the sample plot-level random effects and other stochastic variability is largely justifiable. For example, R 2 c of the mixed-effects model relative to its basic form fitted using DBH as a main predictor and one dummy variable increased from 0.40 to 0.66 (age independent) and to 0.68 for age dependent model. This suggests that the contribution of the covariate variables (HDOM, A, BAPRO, SI, Dq) and random effects to the variations of diameter increment is substantial and their effects cannot not be disregarded. The improvement in the model performance by introducing multiple predictors and random effects has been also reported by many others [13, 76] .
A description of a large part of the variations of diameter increment without significant residual trends (Table 5 ; Figure 4) indicates that the chosen base function (Chapman-Richards function) and covariate predictors, and modelling approach applied are all suited to our data. Even though fit statistics of the models could be marginally improved through introduction of additional covariate predictors, we did not over-parameterize our model, considering the fact this would lead to the biased estimation [77] . Only independent predictors, which are less correlated to each other must be selected to reduce the bias caused by over-parameterization. A parsimonious model with a high prediction precision is always the preferred choice for efficient application [3, 71] . The parsimonious model could make the effort easier for the prediction of diameter increment from measurements of DBH and covariate predictors that can be derived from the routine forest inventories.
Different covariate predictors introduced in the models (Equations (6) and (7)) influence diameter growth differently ( Figure 5 ). With advancing stand development stage through time on the given stand density and site quality, diameter increment of the trees would decrease, which is biologically plausible, as stands getting older would have a relatively slower diameter growth compared to height growth. Diameter increment is significantly influenced by stand density or competitive interaction among the trees, as they always compete for the limited resources, such as space, moisture, nutrients, and light. A large part of the explained variance in the diameter increment model is attributed to the variables related to the site quality (SI), stand density or competition (Dq), species mixture (BAPRO), and stand development stage (HDOM and A), which appear more influential to the diameter increment than many others, which we also evaluated ( Table 2 ). This is in line with many other studies that have found the variables describing stand density and competition to be the important variables in describing diameter increment [44, 75] . Diameter increment increases with decreasing competition as depicted by increased Dq (Figure 5) , because of the crowding of trees within a stand that may result in taller heights and smaller crowns, but thinner boles. In attempt to get the higher canopy position for light, the subordinate trees have less diameter growth for the given unit of height growth as compared to the trees already grown to the top canopy position [78, 79] . However, trees with dominant or codominant canopy positions may allocate more resources to diameter growth relative to height growth, and therefore have larger diameter increment and are more stable compared to the subordinate trees [80] .
The effects of thinning would be substantial on the tree diameter growth [78, 81] and other tree and stand characteristics [24, 36] . Compared to the diameter increment on the control sample plots, that of the thinned sample plots was significantly larger and difference is clearly visible in our data and models (Figures 2 and 4-6 ). It is due to the increased availability of the resources (light, moisture, nutrients, space) to the residual trees. The multiple dummy variables that could describe each of the all individual thinning types (Table 1) could not be included into our models, as this increased the models' complexity and resulted in the non-convergence. Also, developing separate model for each thinning type was not possible due to inadequate number of observations. It was, thus, necessary to reduce the number of management regimes into two in order to make the models converged with significant parameter estimates. Even though our models include the effects of management regimes in a broader scale (control or thinning), these models can be applicable for the precise prediction of diameter increments for the stands managed with any thinning type and intensity. This is confirmed from analysis of the predication errors of our mixed-effects model that was calibrated with the random effects estimated using the measured diameter increment of four randomly selected trees per sample plot and applied to each management regime (Figure 7) .
The effect of species mixture on the diameter increment is significant (p < 0.05). Diameter increment of the trees in the mixed stands increases with decreasing proportion of a species of interest (European beech), i.e., larger the number of tree species associated with beech in a stand could result in its faster diameter growth under the given stand density, site quality, and stand development stage (Figure 4) . Most of our studied stands consist of multiple tree species ranging from 2 to 12 species. Therefore, it was necessary for us to include the species mixing effects into the diameter increment models. There could be the higher diameter increment of trees in the mixed stands, because inter-specific competition would not be more intense compared to the intra-specific competition in the monospecific stands. More intense competition may be experienced by trees in the less complex stands (monospecific stands or stands containing only a few tree species) compared to more complex stands (stands containing many tree species). The monospecific stands could have relatively less complex canopy structure, lower environmental variability within the stands, lower resource use efficiency and less resource capture capacity of the trees [82] [83] [84] . The mixed species stands are characterized with higher crown plasticity and complex canopy structure, which could trigger the plasticity at organ, crown or tree structure levels for the optimal capture of resources or acclimation to environmental conditions altered by competing neighbors [84] . The species mixture creates the neighborhood situation and structural heterogeneity where trees would acquire wider crown width, faster growth rate due to increased availability of resources [83, 84] . Several studies investigated the species mixing effects on the variations of tree characteristics of European beech and other species and concluded that trees in the mixed species stands could have higher resource use efficiency, and therefore have remarkably higher growth rate compared to the trees in the monospecific stands [23, 33, 42, [85] [86] [87] [88] .
As shown in Figure 6 , our model provides a realistic prediction over a wide range of data, however, a precaution is necessary while applying the model beyond data range as data used for modelling do not fully cover the physiological rotation of beech stands. Size coverage of our data is limited up to 70 cm DBH (Figure 2 ), as beech may have grown to more than this size. This may result in less prediction precision of our models beyond this size. Even though radial growth models have been developed using a large dataset that covers the full range of growing conditions for several tree species including beech across Europe [44] , beech stands in the Slovakia and other central European countries are not covered. In this situation, our models might be useful for effective management of beech forests, not only in the Slovakia, but also other countries where similar growing condition to the basis of this study would exist. When independent beech growth data are obtained from elsewhere in the central Europe, the prediction performance of our models may be compared against those of the recently developed diameter increment models [44] .
The long-term research plots provide more accurate growth data than those supplied by other types of sampling designs, such as the national forest inventory (NFI) sample plots. However, for many years, access to data originating from long-term research plots has been limited, as establishing these sample plots and operating them is expensive. In this context, our models, which are based on the long-term research plots, will provide good opportunity to the researchers for comparing their models developed using data originating from other databases (e.g., NFI and stem analysis). We used some simplifying assumptions to develop our models, such as linear diameter growth between two consecutive measurements, which may reduce the prediction precision. Since it is imperative to include climatic variables to make the growth model climate sensitive, we were not able to do this due to lack of climate data. It is well known that validation provides the credibility of the developed models, however, we were not allowed to do this due to the lack of external independent data. Even though validation may be carried out by splitting dataset, we did not do this either, assuming that splitting data does not provide more information in addition to the respective fit statistics obtained directly from estimation of the models using entire dataset [89, 90] . It is because that divided parts of the same dataset cannot be independent to each other, as they have similar statistical characteristics. Thus, validation of the models using the data acquired from different sampling design and tree population may be the best alternative [3, 21, 38, 67] . Developing highly precise individual tree growth models may be challenging, because of several influential factors, which are not readily measured [10] . Any limitation experienced in the current study will be useful for improvement of the future modelling works.
Forests are dynamic ecosystems and prediction of those dynamics cannot be achieved through the individual tree diameter increment models only. Other individual tree-based models, such as recruitment and mortality models are also necessary to describe forest dynamics in details. Together with other forest models, our diameter increment models and site index model will be used for growth simulator to be developed in the future, which is a fundamental tool for decision-making in forestry. Being the spatially inexplicit type, our diameter increment models allow for easy computation during application and evaluation of the effects of various management alternatives.
Conclusions
We developed both age independent and age dependent diameter increment models for European beech using long-term research sample plot data in the Slovak Republic. We used diameter at breast height as a main predictor and stand-level variables: site index, stand age, dominant height, basal area proportion of a species of interest (European beech), and ratio of diameter at breast height to quadratic mean diameter as covariate predictors. A dummy variable was included into the models to describe the stand management regime-specific variations on the diameter increment. The sample plot-level random effects and the first-order autoregressive error-structure were also included using the mixed-effects modelling. The results showed that diameter increment was influenced significantly differently by different covariate predictors. Diameter increment decreased with advancement of the stand development stage, increasing stand density and competition, but increased with decreasing proportion of European beech in a stand and increasing site quality. Our diameter increment models are simple and will be applied for the precise prediction of diameter increments of the beech stands managed with any type of thinning using the measurements of diameter at breast height and other covariate predictors, which can be derived from the routine forest inventory databases.
The presented site index model can be used for evaluation of the potential site productivity of beech forests and diameter increment models can be used for simulation of beech stand dynamics across the Slovakia. Together with other forest models, our diameter increment models and site index model may be used for growth simulator to be developed in the future. Our models will be useful for formulation and implementation of silvicultural strategies of European beech, as these models are based on long-term growth data (over 50 years) that were acquired from the complex stands managed with various types of thinning. The structurally complex stands may have higher ability to tolerate the negative effects of climate change. Many other implications of the individual tree diameter increment models are briefly mentioned in the introduction and discussion sections of this article.
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